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ON THE METASTABLE HOMOTOPY OF MOD 2 
MOORE SPACES 


ROMAN MIKHAILOV AND J. WU 

Abstract. In this article, we study the exponents of metastable 
homotopy of mod 2 Moore spaces. Our result gives that the dou¬ 
ble loop space of 4n-dimensional mod 2 Moore spaces has a mul¬ 
tiplicative exponent 4 below the range of 4 times the connectivity. 
As a consequence, the homotopy groups of 4n-dimensional mod 2 
Moore spaces have an exponent 4 below the range of 4 times the 
connectivity. 


1. Introduction 

The metastable homotopy has been studied by various people with 
fruitful results [H |3l HI HU H21 HU HSl HU [20] since the early 1950s. The 
descriptions on the lower metastable homotopy groups of the Moore 
spaces given by M. G. Barratt [T] in 1954 leaded to computational 
results announced in [20]. In this article, we consider the exponents of 
the metastable homotopy groups of mod 2 Moore spaces. 

Let P"(2) = be the n-dimensional mod 2 Moore space with 

n > 3. It is well known that P^{2) has a suspension exponent of 4, 
that is, the degree 4 map [4]: P”(2) P"'(2) is null homotopic. By the 

classical result of M. G. Barratt [2], the metastable homotopy of P"'{2) 
has an exponent dividing 8. This leads to a natural question whether 
the metastable homotopy of P’*(2) has an exponent of 4. The answer 
to this question is negative for the cases n = 2,3 mod 4 because there 
are Z/8-summands occurring in the lower metastable homotopy groups 
according to jHlHlllSn]. The purpose of this article is to give an affirmed 
answer to the above question for the case n = 0 mod 4 with n > 5. 

Our answer to the question is actually given by showing that the 
double loop space Q‘^P"'{2) has a multiplicative exponent 4 below the 
range roughly 4 times the connectivity in the case n = 0 mod 4 with 
n > 5. More explicitly, our main result is as follows. 

The main result (Theorem II.1[) is supported by Russian Scientific Foundation, 
grant N 14-21-00035. The last author is also partially supported by the Singapore 
Ministry of Education research grant (AcRF Tier 1 WBS No. R-146-000-190-112) 
and a grant (No. 11329101) of NSFC of China. 
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Theorem 1.1. Let n = 0 mod 4 with n > A. Then the power map 
4: f2^P"(2) —)■ restricted to the skeleton sk4„_9(12^P”(2)) is 

null homotopic. 

As a consequence, we get an answer on the exponents of the ho- 
motopy groups up to the range, where for the hrst case n = A, the 
homotopy groups 7rfc(P‘^(2)) are known up to the range [2T] . 

Corollary 1.2. Let n = 0 mod 4. Then A ■ 7rfc(P”(2)) = 0 for k < 
An — 7. □ 

We should point out that it is unknown whether the homotopy 
groups of mod 2 Moore spaces have a bounded exponent. It is known 
that there are inhnitely many Z/8-summands (in different dimensions) 
occurring in the homotopy groups of mod 2 Moore spaces [9]. Our re¬ 
sult shows that the hrst Z/8-torsion should occur in the range at least 
4 times the connectivity in the case n = 0 mod 4. 

The methodology for proving Theorem 11.11 is briehy described as 
follows. We begin to use the Cohen groups for displaying the explicit 
obstructions to the 4-th power map on the single loop space f2P’*(2). 
By using the shuffle relations and the Hopf invariants on general conhg- 
uration spaces, the 4-th power on the double loop space 12^P”(2) up to 
the range is decomposed as a composite involving the Whitehead prod¬ 
uct. After handling the reduced evaluation map. Theorem 11.11 is then 
proved in the special case when the Whitehead square a;„_i is divisible 
by 2 by Theorem 13.61 With having more lemmas on the Whitehead 
product on P^”(2), Theorem 1 1.1 1 is hnally proved by Theorem 15.31 Here, 
the key lemma (Lemma 14.3p is a special property for 4n-dimensional 
mod 2 Moore spaces, which is hinted by Mark Mahowald’s result [13] 
that [i 4 n— 1 ) h 4 n—l] 0. 

The article is organized as follows. In section [21 we discuss the 4- 
th power map on the single loop spaces and and double loop spaces. 
The reduced evaluation map on mod 2 Moore spaces is studied in 
section [31 where Theorem 13.61 is the special case of Theorem 11.11 in the 
case when the Whitehead square is divisible by 2. We give some lemmas 
in section [H Theorem 11.11 is proved in section [31 where Theorem 15.31 is 
Theorem II.1[ 

2. The 4-th power map on looped suspensions 

In this section, we display the obstructions to the 4-th power map on 
VtT?X and below four times the connectivity for spaces T?X 

having suspension exponent 4. 
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2.1. The obstructions to the 4-th power map on We 

use the Cohen groups [S] for computing the obstructions to the 4-th 
power map. Recall that the Cohen group ... ,Xn) is 

combinatorially dehned by the generators given by the letters xi,... ,Xn 
with following relations: 

(1) . the iterated commutators [[xjj,Xjj],•••,TjJ = 1 if p = g for 

some 1 < p < g < n, where the commutator [a, h] = a~^b~^ab, 
and 

(2) . = 1 for 1 < i < n. 

Let di\ —)■ be the group homomorphism such that di{xj) = 
Xj for j < i, di{xi) = 1 and di{xj) = for j > i. The Cohen group 
is dehned as the equalizer of dp —)■ for 1 < z < n. 

Namely, is the subgroup of consisting of the words w G 
with the property that di { w ) = di { w ) for 1 < z < u. For the spaces 
T?X satisfying the following hypothesis: 

(2.1) the identity map id^zx is of order 4 in T?X], 
there is a commutative diagram of groups 

^Z/4 

( 2 . 2 ) 

[J„(SX),flS2X], 

where J{Y) is the James construction with the James hltration Jn{Y), 
the monomorphism in the right column is induced by the quotient 
map Qn'. (SX)^” —)■ J„(SX) and the group homomorphism ex sends 
the letter Xi to the homotopy class of the composite 

(SX)^*" EX c—. 

with TTi the z-th coordinate projection for 1 < z < rz. Let = 
XiX 2 ---Xn G Then ex{o.n) is the homotopy class of 

the inclusion map J„(SX) —)■ flE^X. 

We are only interested in the range below four times the connectiv¬ 
ity. It is sufficient to only consider a^, which can be done by direct 
computations through the Magnus-type representation of into the 
non-commutative exterior algebra An^'^. Here, ... ,p„) 

is the quotient algebra of the tensor T(pi,..., p„) over Z/4 subject to 
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the relations 

(2.3) Ui^yi^ ■ ■ - Vi, = 0 if p = g for some I < p < q <t. 

The representation e: —)■ is given by e[xi) = 1 + j/j. It is 

proved in [8] that this is a faithful representation of ■ 

Now 6 ( 03 ) = ((1 + + 2 / 2 )(1 + 2 / 3 ))^ in ^ 3 ^^- Note that 

(1 + 2/i)(l + 2/2)(l + 2/3) = 1 + 0-1 + c>-2 + 0-3, 

where ai = 2/1 + 2/2 + 2 / 3 , <^2 = vm + vm + 2 / 22/3 and 0-3 = ymVs- Let 
A = (Ti + (J 2 + a 3 . Then 

e(a^) = (1 + A)^ = 1 + 4A + bA^ + 4A^ + A^ = 1 + 2A2 

in because 4a = 0 for a G and A"^ G = 0, the 4-fold 

product of the augmentation ideal . By using the property that 
j4^z/ 4 _ have A'^ = af + o' 2 <Ji -|- cricr 2 . With taking the notation 
[a, /3] = a/? — (3a for a, (3 in an algebra A and using the relations fl2.3p . 
we have 

2 cr^ = 2(2/1 + 2/2 + 2/3)^ 

= 2 ( 2 / 22/1 + 2/32/1 + 2/12/2 + 2/32/2 + 2/12/3 + 2 / 22 / 3 ) 

= 2 ([ 2 /i, 2 / 2 ] + [ 2 / 1 , 2 / 3 ] + [ 2 / 2 , 2 / 3 ]), 

2(cri(T2dscri) = 2(22/i2/22/3 + 2/22/32/1 + 2/i2/32/2 + 2/22/i2/3 + 2/32/i2/2) 

= 2 ( 2 / 22 / 32/1 + 2/12/32/2 + 2/22/12/3 + 2 / 32 / 12 / 2 ) 

= 2(2/2([2/i, 2/3]) + [2/1,2/312/2) 

= 2 [[ 2 /i, 2 / 3 ], 2 / 2 ]- 

(Note. Since we are working by modulo 4, the sign ± on the terms 
can be ignored after multiplying by 2.) Now, by using the property [221 
Lemma 1.4.8] that e{[[xi^,Xi ^],... ,XiJ) = 1 +[[ 2 /ii, 2 /^ 2 ], • • • ,2/it], we have 

(2.4) 03 = ([a;i,a;2]^[a;i,a:3]^[a:2,a:3]^) • [[xi,X3],X2\^. 

We give a remark that the above method is valid for computing a^ for 
small n, more effective method for determining a^ for general n can be 
seen in [TB] . The geometric interpretation of formula 02.41) through the 
representation ex gives the following lemma. 

Lemma 2.1 (Obstruction Lemma). Let X be a CW-complex such 
that 4 ■ [ids2x] = 0 zn E^X]. Let hiJlX) QX?X he the 
restriction of the power map 4: J(SX) ~ VlTfX —)■ VtT?X. Then there 
is a decomposition 

[^Ijs] = C2 • Cs 

in the group [J 3 (EX), OS^X], where (2 is represented by the composite 
J3(SX) —- J(EX) — J((SX)''2) QXfX 
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with Hk the k-th James-Hopf invariant and Wk the k-fold Whitehead 
product, and Cs is represented by the composite 

JsiEX) nT?x. 

with T 2,3 the map switching positions 2 and 3 in the self-smash product. 

□ 


2.2. The elimination of the obstruction ( 3 . Consider the looping 
homomorphism 


Q: [J3(SX),fiS2X] ^ [f2J3(SX),f22s2x], [/] ^ [Qf]. 


The obstrnction can be always eliminated after looping using the 
shuffle relations introduced in [22]. Here we give a proof by highlighting 
the ideas of the shuffle relations. 


Proposition 2.2. The element (3 lies in the kernel of the looping ho¬ 
momorphism defined as above. Thus, for any space Z and any map 
f: EZ —)■ J^{I 1 X), the composite Cs ° / • klTfX is null homo¬ 

topic. 


Proof Let Y = EX. Let .J{Y) A .J{Y) be filtered by 


Fil„(J(F) A J(F)) = IJ J,(F)AJ,(X). 


Since X is a co-iL-space, there exists a filtration-preserving map 


fj: JiY) .JiY) A .JiY) 
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such that xjj is homotopic to the reduced diagonal A. Consider the 
following homotopy commutative diagram 


J{Y) 


uy) 


pinch 


Y 


A3 


p3 


shuffle 


pinch 


JiY) A JiY) ^ Fil 3 (J(F) A JiY)) ^ {.h{Y)/.h{Y) A F) V (F A J 2 (F)/Ji(F)) 

•s 


proj. 


J(F 


AS', 


J 2 (F)/Ji(F) AF = F 


A3 



where S '3 is the Samelson product and the extension map H exists by 
the suspension splitting of J{Y) A J{Y). By using the Cohen program, 
the composite from JsiY) goes through the right column represents the 
element 


[[xi,X2],X3] + [[x2,Xi],X3] + [[x 3 ,Xi],X 2 ] = -[[xi, X3], X2] 

in the Cohen group K 3 . The assertion follows by letting the composite 
from JsiY) take the path from the right hand side with using the 
property that QA: QJ{Y) —)■ fl{J{Y) A J{Y)) is null homotopic. □ 

2.3. The configuration spaces and the obstruction ( 2 - The ob¬ 
struction (2 is essential after looping in general. We use conhguration 
spaces for reducing the obstruction (2 from the cubic range to the qua¬ 
dratic range. We refer C. -F. Bodigheimer’s work [5] as a reference on 
conhguration space models for mapping spaces as well as his construc¬ 
tions of the Hopf invariants on conhguration spaces. 

Let M be a smooth manifold, Mq a submanifold, and X a pointed 
CiF-complex. Let C{M, Mq; X) be the conhguration spaces with labels 
in X in the sense of [5] with the hltration Cn = Cn{M, Mq] X) induced 
by the conhguration length. Let Dn = Dn{M, Mq] X) denote Cn/Cn-i- 
We will use the following properties: 
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(1) . O Lemma, p. 178] Let iV be a codimension zero submanifold 

M. Then the isotopy cohbration 

(AT, N n Mo)-- (M, Mo)-- (M, N U Mo) 

induces a quasi-hbration 

C{N, N n Mo; X) -- C{M, Mo; X) -- C{M, N U Mo; X) 

provided that (iV, N fl Nq) or X is connected. 

CO 

(2) . [5l Section 3] Let V = \/ Dk- There is a Cohen construe- 

k=l 

tion |H] as a power set map P: C{M,Mq;X) C'(M°°;17), 
which is natural on (M, Mo) and X, inducing a stable splitting 
of C{M, Mo; X). The Hopf invariant is given by the composite 

Pfc: C{M, Mo; X) — ^(M^; 1") ^ D,) 

for k > 1. 

In particular, let / = [0,1], there is a quasi-hbration 

C([0,l]x/;X) —C(([0,3],[2,3])xJ;X) —C'(([0,3],[0,l]U[2,3])xJ;X) 

for any path-connected CIT-complex X with 

C(([0, 3], [2, 3]) X /; X) ~ * and ^([0,1] x /; X) ~ 

We choose the evaluation map 

~ SC'(/2;X) ^ QE^X ~ J(EX) 

as the composite of 

SC'(/2;X)^C(([0,3],a+)x/;X)/C(/x/;X)^C(([0,3],a)x/;X), 

where d+ = [2,3] and d = [0,1] U [2,3], followed by composing the 
homotopy inverse of the composite 

J(SX) C{I; EX) C(([0, 3], a) X /; X). 

The evaluation map a: EC'(/^;X) —)■ J(SX) dehned in such a way is 
a hltration-preserving map up to homotopy, and so its restrictions give 
maps 

(2.5) afc:SC'fc(j2;X)^ Jfc(SX) 

inducing the reduced evaluation maps 

(2.6) 

St: SDt{P-,X) = E(Ct/Ct_,) ^ (EA')"‘ = 4(EA')/Jn(EA') 
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for /c > 1, where ai = ai: X) = SX —)■ Ji(SX) is a homotopy 

equivalence. Moreover, by applying the naturality of the Hopf invari¬ 
ants on (M, Mq) to the composites in the dehnition of the evaluation 
map (7, there is a homotopy commutative diagram 


(2.7) 

EC(/2; X) -^ EC(K“; Bt) EC(K“; £>») 



Let sk„(y') denote the n-th skeleton of Y. 


Theorem 2.3. Let X be a simply connected space with the connectivity 
|X| such that id^ax has exponent 4 in S^X]. Then there is a map 

H2-. Sk4|x|-i(f^'s2x) ^ D2{I^;X) 

such that the adjoint map of the A-th power 4: LL^YYX —)■ LL^YYX re¬ 
stricted to sk 4 |x|-i(fl^S^X) is homotopic to the composite 

Ssk4|x|-i(f^^S2X) TD2iI^;X) fiS^X 

Proof. Note that D 2 {I'^;X) is the (4|X| — l)-skeleton of D 2 ). 

There is a homotopy commutative diagram 



for some map H 2 . This gives the map H 2 in the statement. 
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By Proposition I2.2[ (3 o 0-3 is null liomotopic. So we only need to 
consider the obstruction ^ 2 - By diagram fl2.7p using the property that 
|(EX)^^| = 2 (|X| + 1 ), there is a homotopy commutative diagram 


S(sk4|x|-l(f^'S2X)) ^ J3(SX) 



ED2{P]X) -^ 

The assertion then follows by Lemma I2.11 

□ 


3. The reduced evaluation map on mod 2 Moore spaces 
In this section, we give some lemmas on the reduced evaluation map 

a = da: SDa = X) = ST)2(K^;X) —^ 

in the case that X is a mod 2 Moore space. Let P"'(2) = Ua e” be 
the n-dimensional mod 2 Moore space. 

Lemma 3.1. [211 Proposition 2.5] Let n > 3. Then the degree 2 map 
[2]: P"'(2) —)■ P"'(2) is homotopic to the composite 


P”(2) ^ ^ _► P^(2) 


Thus the degree 2 map [2]: P"'(2)^^ —>■ P’*(2)'^^ is homotopic to the 
composite 


P”(2) 


A2 pinch 2n 


p2n(2) 


)7Aid 


P 


2n—l 


( 2 ) 


P”(2) 


A2 


□ 

Let M, T be a basis for the mod 2 homology P*(P'^(2)) with |m| = n—1 
and |t| = n. Then the mod 2 homology P*(f2P”’'‘^(2)) = T{u,v) with 
Sqlv = u. By the work of Dyer-Lashof [10], P*(P 2 (®^;-P"~^(2))) has 
the following basis 
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2n — 1 'r('y^) 


2 n — 2 


2n — 3 


2n — 4 

where the Steenrod operations follow from that on H^,{QP'^~^^{2)). 

The reduced evaluation a*: H,{D 2 (R‘^, P^-\2))) H,{{P^{2))^^) 

is given by a*(r(n^)) = d*(r[M,n]) = [u,v], d*(r(M^)) = and 

sending remaining 3 elements to zero. 

Let us do cellular analysis on the homotopy of P^~^{2)). 

The elements {t{v‘^),t{[u,v]),t{vY,t{u^)} has a structure of P‘^^~‘^(^ 4 ') 
attached by 2-cells through a map P‘^^~‘^(2) P‘^^~‘^{4). 

Lemma 3.2. There exists a unique 4-eell eomplex such that 

mod 2 homology has a basis {a 2 n- 3 , & 2 n- 2 , C 2 n- 2 , d 2 n-i} with 

(32{h) = a, Sql{d) = a and Sql{d) = c. 



Proof. Consider the short exact sequence 

2 ■ 7r2n-3(P""-'(4)) = Z/2 [p2-2(2), p2n-2^4)] ^ 712^-2(4)) = Z/2. 

Let gi be the map in the commutative diagram of cohbre sequences 

2 

9 

2 

Then 2[g] is given by the composite 


( 2 )-- 


(4) -- ^2n-2_ 
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which is null homotopic because gi \ ^ factors through degree [2]: ^ —)■ 

^2n-3_ 

[p2n-2(2)^ p2n-2('4^| ^ ^^2 © Z/2. 

Let g2 be the composite 

p2n—2^'^ ^ ^ p2n—2 ^ ^ p2n—3 q _^ p2n—2^^'^ 

Then the 3 essential elements in [P^"^“^(2), are given by [5^2] 

and [gi +5(2]. 

Since [5'i+fi'2]© -f^2n-2(-P^''"^(2)) -)■ iL2n-2(-P^''"^(4)) are nonzero, 

[5^2] is the only homotopy class as the attaching map for The 

proof is hnished. 

□ 


By pinching two bottom elements, we have a pinch map 0: EP2(®^; -P” ^(2)) 
with a commutative diagram 


(3.1) 


EP)2(K^;P”"H2)) — P^{2)^^ 

0 P2 

(J2n -^ P2n('2)^ 


where ps induces an epimorphism on mod 2 homology. 
Consider the commutative diagram of cohbre sequences 


p2n—2^2^ /22n—2^^^ _^ ^ 2 n—l _^ p2”^~^(2) 




p2n-2/2) r 5'2n-3 _^ ^2n-l _^ p2n-2 


J2 


p2n—2^2'j /^2n— 3 ^ 2 ^ _► ^2n—1 _^ p2n—2^2^ 

where fj: —)■ P^"-“^(2) is a lifting of p. Observe that 

(1) . The map ji induces a monomorphism on mod 2 homology. 

(2) . The homotopy cohbre of ji 0^2: —)■ is the same as 

the homotopy cohbre of P^"-“^(2) —)■ —)■ P^"'“^(4). 
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(3). The mod 2 homology has a basis {x 2 n-i,X 2 n- 2 , a^ 2 n- 3 , 

with Sql{x 2 n-l) = X 2 n- 2 , Sql{x2n-3) = X2n-4, Sql{x 2 n-l) = 

X2n—3: ^Q*(,^2n—2') 2^2n—4- 

Lemma 3.3. The homotopy cofibre o/P^”“^(2) —)■ p^n-s p 2 n- 2 ^^'^ 

IS p2«-2(8). 

Proof. This follows from the commutative diagram of cohbre sequences 

p2n—3 p2n—3^2'j 


S^' 


;n-3 bl 


^2n—3 e_ ^ ^2n—2^^^ 


[ 2 ] 


5 


2n-3 ^ ^2n-3 ^ u2n-2/ 


p2n-2(8)_ 


□ 


Lemma 3.4. The space ^ ~ ’^CP^ A MP^. 

Proof. We only need to show that there is a unique 4-cell complex 
having the same homology as with the same Steenrod module 

structure. 

Consider the homotopy classed [P^"'“^(2), P^"'“^(2)]. There is a short 
exact sequence 

7r2„_3(P“(2)) = Z/2 [p2-2(2),p2-3(2)] ^7r2n-2(P“(2))/2. 

There are 3 essential homotopy classes in [P^'^“^(2), P^”“^(2)] given as 
follows 

(1) . ?7 A id: P‘^^~‘^(2) —)■ P‘^^~^{2). The homology of its cohbre has 

the same structure as A RP^). 

(2) . The composite hp. P^^-^{2) ^ 2 n -2 p^^-^{2). The 

reduced mod 2 homology of the cohbre Cp has a basis 

{y2n-l,y2n-2,y2n-3, 1/271-4:} 

with Sql{y 2 n-l) = y 2 n- 2 , Sql{y 2 n- 3 ) = y 2 n- 4 ,Sql{y 2 n-l) = 
y 2 n -3 and Sql{y 2 n- 2 ) = 0. Here Sql{y 2 n- 2 ) = 0 because hf 327.-3 
is null homotopic. 


^2n—4 
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(3). The composite h 2 '. ^ g 2 n-A c—^ where 

fj is an extension of r]-. —)■ 5'^"'“^. The reduced mod 2 

homology of the cofibre Ch 2 has a basis 

{^2n-l, Z2n-2, ^2n-3; ^2n-4} 

with Sql{z2n-l) = Z2n-2, Sql{z2n-3) = ^2n-4, *S'g^(l/2n-2) = 2/2n-4 

and Sq'^{y 2 n-i) = 0. Here Sql{y 2 n- 2 ) = 0 because 

^2n—2^2^ ^ _ y ^2n—3 

is null homotopic. 

The proof is hnished. 

□ 


The following lemma will be useful. 

Lemma 3.5. There is a commutative diagram 


(J‘2.n ^ p2n 

rjAid 

p2n-l('8) _P^ p2n-1^2), 

where p*: P2n-2(-P^"'~^(8); Z/2) —)■ P2n-2(-P^"'~^(2); Z/2) is an isomor¬ 
phism. 

Proof. Consider the commutative diagram of cohbre sequences 


(J2n h °32 ^ 


p2n—l 


( 8 ) 


pinch 


P 


C2n -^ p2n('2) p2"-l(2). 

By Lemma [3.41 h ~ p A id and hence the result. □ 

Let us hrst prove the special case when the Whitehead square is 
divisible by 2. 


Theorem 3.6. Let n + 1 = 0 mod 4 with n + 1 > 5. Suppose that 
the Whitehead square a;„ is divisible by 2. Then the A-power map 
4|: VPP'^~^^{2) —)■ r2^P”+^(2) restricted to the skeleton sk 4 („_i)_iis null 
homotopic. 
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Proof. By Theorem I2.3[ it suffices to show that the composite 


is null homotopic. By Lemma IffiTl it suffices to prove that the composite 

(3.2) SPa {P^{2)^^ p2”(2) P^'^-\2) QP^+\2) 

is null homotopic. 

Since Un is divisible by 2, 

^2|s2n-2: nP^^\2) 

is null homotopic. Thus S' 2 |: P^’^“^(2) —)■ f2P"^+^(2) factors through 

S2n-l_ 

Let p\ P^"'“^(8) —)■ P^"“^(2) be the map in Lemma 1331 We show 
that there is a commutative diagram of cohbre sequences 

g2n-2 c-, p2n-l^g) -, g2n-l 


(3.3) 


S' 


2n-2 


P 


2n-l 


( 2 ) 


^2 


[ 4 ] 


n—1 


There is a short exact sequence 

7r2„_2(P'"-'(2)) = Z/2 [P2-1(8), p2-i(2)] 7r2„_i(p2-H2)) = Z/2 

Let a\ P^"'“^(8) —?■ P^"“^(2) be an extension of the inclusion map 
g 2 n -2 p 2 n-i(' 2 ). Then 2 [a] = 0. Thus 

[p2n-l(8)^ p 2 n-l( 2 )] ^ 2/2 © Z/2. 


Let /3 be the composite 




P 


2n—2 


( 2 ). 


Then [P^" ^(8),P^"' ^(2)] is generated by a and (3. We can make a 
choice of a from the commutative diagram 

[®1 g2n-2 


S 


2n-2 


P 


2n-l 


[ 4 ] 


^2' 


In —2 


[ 2 ] 


( 8 ) 


5' 


[ 4 ] 


2n-l 


^2 


n—2 


p 


2n-l 


( 2 ) 


P4 


^2 


n —1 


Then [p] = [a] or [a P (3]. Since P 4 *[/S] = 0. Diagram fl3.3p holds. 
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Now the assertion follows from the commutative diagram 


(J’in ^ 

r;Aid 

p2n-l(8) ^ p2n-l('2) ^ nP^+\2) 



together with the fact that [A] G 7r2„(P"’''^(2)) is of order 4 when 
n + 1 = 0 mod 4. 

□ 


4. Some Lemmas on P^"(2) 

In this section, we give some lemmas related to the Whitehead prod¬ 
ucts. 


Lemma 4 . 1 . Let j2n+i be the composite 

^p 2 n e-, SO{2n + 1) -- fl 2 n+ 1 ^ 2 n+l_ 

Then 

^2n+l([2]) o j2n+l ^ 2 O j2n+l. 

Proof. By [TJ Proposition 4.3], the maps r2[2],2: 
differ by the homotopy class represented by the composite 

^p2n-|-l ^2 ^ ^‘^2n + l 


From the commutative diagram 

e-, Rpk+l 


^fc+l^fc+l _^ ^A:+2^fc-|-2 
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there is a commutative diagram 

^2fc+l ^fc+l]^pfc c_► ^^+lPfc+l ^ ^2fc+2 


3k+l 


3k+2 


Q2g2k+3 , ^fe+1 - Qgk+2 


H 


Sk+2 




where qk- ^ MP^ is the projection map, Pfc+i: —>■ is 

the pinch map, the top row is a cohbre sequence, and the bottom row 
is the EHP sequence. The map 

P . ZJ ( Q2k+2\ . TT (Cl c2fc+3'i 

P2fc+2 • ti2fc+2t*J ) > J^2k+2[^i>J ) 


is an isomorphism [T^ Theorem (1-1)]. It follows that there is a com¬ 
mutative diagram 


^2njpp2n ^ ^ ^ 



r 


^271+1 


^4n 




Hn + l 

^ Q^4n-|-1 ^^271+1^ 


We check that the composite 

^2]^p2n ^ P2?i g2n+2 ^ 92n ^2j^p2n 


is null homotopic. If so, the assertion will follow from the above com¬ 
mutative diagram. 

Consider the Hopf map 

H: SRP°° A RP°° —^ SRP°°. 


The composite 

ERP^*^ A RP^ c—. ERP°° A RP°° —^ ERP°° 

maps into SRP^"’+^ by the skeleton reasons. Let 

/: S2Rp2^ = SRP2^ A RP^ —^ SRp2’^+^ 

be the resulting map. Recall that the mod 2 homology iL*(RP°°) = 
r(M) with |m| = 1 is the divided algebra. The Hopf map H induces 

^*(S(72n(M) 0 7l(«))) = S72 „+i(m). 

Thus 

/,: i/2n+2(S'Mp2 -;Z/2 ) ^ i72n+2(SRp2"+';Z/2) 
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is an isomorphism. It follows that the pinch map T?p 2 n'- —)■ 

^ 2 n +2 ^]^p 2 n+i py Fiom the cohbre seqnence 


^]^p2n+l '^P2n+l g2n-\-2 


^^q2r, 


S^MP 


2n 


we obtain that S^(g 2 n ° P 2 n) is nnll homotopic. 


□ 


Lemma 4.2. There is a homotopy commutative diagram 



Proof. By Lemma 14.11 the left cnbe is homotopy commntative. By 
nsing the property of cohbre seqnences, there is a map k2n+2 A 

p2n+2^2) —p2n+2^2) so that the right cnbe in the diagram commntes 
np to homotopy. □ 


Mark Mahowald has a resnlt [131 Theorem (1.1.2a)] that [i4n-i, h4n-i] = 
0. For mod 2 Moore spaces, we have the following lemma. 


Lemma 4.3. There exists a map 5in- -P®" ^(2) P^"'(2) with the 

following properties: 

(1). There is a homotopy commutative diagram 


p8n-2(2) 


^4ti 


p4n(2) 


u 

^8n-3 ^4n-i 


u 

^4n—1 
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(2) . The composite 

pSn-2^2) P^^{2) (22p4n+2('2) 

is null homotopic. 

(3) . The composite 

p8n— 1^2^ I 

is null homotopic. 

Proof. Let WJ^ be the homotopy of the homotopy hbre of the inclusion 
map S'” —)■ and let (2) be the homotopy hbre of the inclu¬ 

sion map P”(2) —)■ Q’^P'^~^’^{2). By Lemma 13.21 there is a homotopy 
commutative diagram, 


fL^”(2) 


p4n(2) 


Q(P^”(2)) 


/C4r? 


RPTn-i A A P^”(2) ^ MP°° A P^”(2) 




S4"-2a4n-2 


u 

4n—1 4n—2 


J4n—1 


U 

■^471 —Ij^poo 


w. 


4n-l 

oo 


S' 


'4n—1 


Q(P 


'4n—I n 


with a canonical morphism of hbre sequences from the bottom row 
to the top row for making a homotopy commutative diagram of cubic 
diagrams, where dk'. RP^i = MP°°/MP^ —)■ SMP^ is the boundary 
map. Let P®”“2(2) —)■ P'^”(2) be the composite 


^4n-l/^p4n-1^2) ^ MP^.^AP^””^ (2) 


4n—l/'oN 2 Aid j^p 4^_2 ^ rj4n 


AP^”(2) — P^”(2). 


From the above commutative diagram, d4n |: p8n-3 p4n^2) is ho¬ 

motopic to the composite 


p8n—3 g4n—l q_ 


p4n(2)_ 
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Moreover the composite ► P^"'(2)-► (5(P^"(2)) is null 

homotopic by the construction. It follows that : P®"(2) —)■ P‘^’^+^(2) 
is null homotopic by dimensional reasons. 

Now we check condition (3) in the statement. Observe that the 
reduced mod 2 homology of has a basis {u^} with fc > 4n — 1. 

The Steenrod operation 

Sq^{u^^-^) = Sq{u^^-^ ■ u^) = u^^-^Sq^{u^) = 

Thus 

Sql- P8n-i(S'"-'MP2:_i) = Z/2 P 8 „_ 3 (S"”- 2 MP 2 :;_i) = Z/2 

is an isomorphism. It follows that the composite 

Q%n—2 ^ ^ ^ 8 n—3 (-_^ ^4n— 2 jg^poo 

is null homotopic. By smashing with mod 2 Moore spaces, the com¬ 
posite 

p 8 n- 1 ^ 2 ) dlbil p 8 ^- 2 ( 2 ) C—. a P^"-^( 2 ) 

is null homotopic. Condition (3) is satished and hence the result. 

□ 


5. Proof of Theorem 11.11 

We use the notation IT^( 2 ) defined in the proof of Lemma S31 Con¬ 
sider the homotopy commutative diagram of fibre sequences 

nwt -^ E -. W^"(2)-. Wl- 


Q^2n -^ p2«{2} -. p2»^(2) 


^ Q(^2n-l) ^ Q(p2^(2)) -. Q(S^^). 

For a space X, let {P”(2),X} = [P"'(2),(5(X)] denote the group of 
stable homotopy classes from P"(2) to X. 

Lemma 5.1. (1). The stabilization (2), S^’^J —)■ (2), S^’^j 

is an isomorphism. 

(2). The stabUzaUon [P^^-^{2),nS^^] [P^^-^{2),nQ{S'^^)] is onto. 
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(3). LetAn^A.S. Then the kernel of {2}, ^ {2), 

is Z12 generated by any map 0: P®"“^(2) —)■ such that 

(j)\ssn-3 is the Whitehead square. 


Proof. Assertions (1) and ( 2 ) follows immediately from the fact that 
S'^"' is the (4n — l)-skeleton of For assertion (3), consider 

homotopy commutative diagram of hbre sequences 

Q 2 ^ 8 n-l ^ f] 2 ^ 8 n-l 


P 




^4. 


n—1 


^2^4n+l 


Q3g8n+1 ^^4n f22^4n+l 


Since the composite 


QS' 


H 


'8n-l. 


^8n—2 Q _^ ^3^8n+l ^ ^ 


is of degree 2 , we have 

sksn-liW^-^) = p8-2(2). 

It follows that there is an exact sequence 

^ [P®^-2(2),P®”-2(2)] ^ [P^^-^{2), {P^^-\2),S^^-^}. 

By the proof of Lemma 14.31 0 J 4 n-i o p is null homotopic. Thus the 
composite 


P 


Sn—2 


( 2 ) 




8n-2 




8n—3 


ySn—2 


( 2 ) 




4n-l 


is null homotopic, and so the image of [P®” ^(2),P®"' ^(2)] = Z/4 in 
[P^"'-^{2), 5"^"'“^] is Z/2. The proof is hnished. 

□ 


Lemma 5.2. There is a homotopy decomposition 

QF^^{2} ~ X X np^^-%2) 

up to dimension 8n — 8. 
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Proof. Consider the homotopy commutative diagram of fibre sequences 

^ , g2n 


^ F^^{2} -- P2n('2) -, ^2rx 


where r(S'^”) = 50(271+ 1)/S'0(2u — 1) = V 2 , 2 n+i is the 2-frame Stiefel 
manifold. Since the map P^"’{2} admits a cross-section, there 

is a homotopy decomposition 

nF‘^^{2} ~ X 

Let /: —)■ VtY be the extension of the inclusion of the bottom 

cell. Let g\ flP^'^~^{2) = r2SL3(P^”“^(2)) —)■ flY be the map in the 
functorial decomposition of 

nSX ~ nSL3(X) X ? 

for 2-local spaces. Then the map 

X np^^-%2) QY 

induces an isomorphism on homology up to dimension 8n — 8. The 
proof is hnished. 

□ 

We restate Theorem 11.11 as follows. 

Theorem 5.3. Let n > 1 The power map 4: r2^P^"^(2) —)■ r2^P'^"'(2) 
restricted to the skeleton sk 4 ( 4 „_ 2 )_i(fl^P^”( 2 )) is null homotopic. 

Proof. If the Whitehead square a; 4 „_i is divisible by 2, we have proved 
the assertion in Theorem l3.6l Now we assume that a; 4 „_i is not divisible 
by 2. Similar to the situation in the proof of Theorem 13.61 it suffices 
to prove that the composite 
(5.1) 

TD 2 1 jy8n—2^2'j P®”'~^(2) , r2P”^’^(2) 

is null homotopic. Our proof is given by controlling the map 

521: P®”"^(2) ^ 0P^”(2). 
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By Lemma [5^^ ~ ^ ^ up to dimension 15n—5. 

Thus 

[p8n-2(2)^^4n{2}] ^ [p8—2(2), ^jp8n-2^ 2 ), 58 n- 2 | _ [p8—2(2), ^^/2. 

By (3) of Lemma [331 there is an exact sequence 

Z/2 ^ [P®^-2(2),^^"-1] —^ {P®"-2(2),^^"-1}. 

By assertions (1) and (2) of Lemma l5Tl Ker([P®"'“^(2), P"‘"(2)] 

|p 8 n- 2 ^ 2 )^ p4"(^2)}) is contained in 

Im(Z/2©Z/2 ^ [P®”-2(2),P^”{2}] ^ [P®’^-2(2), P^’^(2)]. 

Let X^ri- P®"^“^(2) —)■ P'^"'(2) be the composite 

(5.2) P®^-2(2) P^”{2}-- P'^^(2), 

where A 4 „: —)■ P^”{2} inducing an isomorphism on Hgn- 2 - Since 

A 4 n| 58 n -3 is trivial but 54n|8n-3 is essential (because a; 4 „_i is not di¬ 
visible by 2), [A 4 „] 7 ^ [54n]- Thus the elements {[A 4 „], [(54n]} generates 
a subgroup of [P®"'“^(2), P^"'(2)] containing Ker([P®'^“^(2), P^”(2)] —)■ 
{p8"-2(2),p4"(2)}). Since 

[^ 2 |] e Ker([P®”-2(2),P^”(2)] ^ {P®”-2(2), P^”(2)}), 

we have [S'al] = [A 4 n], [Sin] or [A 4 „ S^n]- 

By Lemma [4.31 

6^n o (h A id): P®'^-^( 2 ) ^ P^’^( 2 ) 

is null homotopic. 

Following the lines in the proof of Theorem 13.61 with using the prop¬ 
erties that A 4 „ factors through 5'®"'“^ by fl5.2p and any map 5'®"'“^ —)■ 

^p 4 n( 2 ) having nontrivial Hurewicz image is of order 4 [9], the com¬ 
posite fl5.ip is null homotopic if S' 2 | is replaced by A^^: 

^p 4 n( 2 )_ phe proof is finished. □ 
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